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The standard method used to solve the Rayleigh-Be´nard linear stability problem for a
rotating fluid leads to a complex expression which can only be evaluated numerically.
Here the problem is solved by a different method similar to that used in a recent paper
on the non-rotating case [A. Prosperetti, “A simple analytic approximation to the
Rayleigh-Be´nard stability threshold,” Phys. Fluids 23, 124101 (2011)]. In principle
the method leads to an exact result which is not simpler than the standard one. Its
value lies in the fact that it is possible to obtain from it an approximate explicit
analytic expression for the dependence of the Rayleigh number on the wave number
of the perturbation and the rate of rotation at marginal stability conditions. Where the
error can be compared with exact results in the literature, it is found not to exceed
a few percent over a very broad Taylor number range. The relative simplicity of
the approach permits us, among others, to account for the effects of a finite thermal
conductivity of the plates, which have not been studied before. C© 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4764931]
I. INTRODUCTION
The stabilizing effect of rotation on an unstably thermally stratified fluid layer is a well-known
feature of this so-called Rayleigh-Be´nard problem, first studied in detail by Chandrasekhar1 and by
several other authors after him. Chandrasekhar summarized the earlier results in his 1961 monograph2
with a special emphasis on the case in which the parallel plates bounding the infinite fluid layer
allow a free slip of the fluid. The more realistic case of no-slip plates is algebraically much more
involved and Chandrasekhar only presented approximate numerical results for the minimum of the
Rayleigh number vs. wave number relation for several values of the rotation rate.1, 2 He argued that
the precise nature of the boundary conditions on the plates is immaterial for very rapid rotation.
This observation was subsequently confirmed in Ref. 3, where it was shown that, in a rapidly
rotating fluid, viscous effects are limited to thin Ekman layers with a dimensionless thickness scaling
as Ta−1/3 for free-slip and as Ta−1/12 for no-slip boundaries. Here Ta = 42H4/ν2 is the Taylor number
(essentially the square of the ratio of the Coriolis and viscous forces), with  the angular velocity of
rotation, H the plate separation, and ν the kinematic viscosity of the fluid. For large Ta, therefore, the
bulk of the motion is close to inviscid and free-slip conditions would be appropriate. There are some
subtleties here as the Proudman-Taylor theorem would make an inviscid fluid stable. What happens
is that viscosity has a subtle destabilizing effect by progressively reducing the horizontal scale of
the motion for large Ta,3–5 but this feature does not affect the basic conclusion as to the insensitivity
of the result to the precise nature of the boundary conditions.
In the rotating free-slip case, when the Prandtl number of the fluid is smaller than
about 0.67659, the instability sets in as an oscillatory Hopf bifurcation at a Prandtl-number-
dependent critical value of the Rayleigh number.2, 6 Many features of this oscillatory onset and its
a)Also at Faculty of Science and Technology and J. M. Burgers Center for Fluid Dynamics, University of Twente, 7500AE
Enschede, The Netherlands. Electronic mail: prosperetti@jhu.edu.
1070-6631/2012/24(11)/114101/16/$30.00 C©2012 American Institute of Physics24, 114101-1
114101-2 Andrea Prosperetti Phys. Fluids 24, 114101 (2012)
finite-amplitude development have been extensively studied (see, e.g., Refs. 5 and 7–9). For larger
values of the Prandtl number, the onset of the instability is non-oscillatory and independent of
the Prandtl number. Finlayson10 showed that the same numerical estimate of the transition Prandtl
number holds, if somewhat less accurately, for the no-slip case when the plates have infinite thermal
conductivity.
In this paper we use the same method developed in a recent study of the non-rotating linear
stability problem11 to determine an approximate solution for a rotating, laterally infinite fluid layer.
The rotation axis is parallel to gravity and perpendicular to the no-slip plates bounding the fluid.
We focus on the marginal stability conditions for Prandtl numbers large enough that the instability
is non-oscillatory. Our approach appears suitable for the Hopf bifurcation case as well, but at the
expense of a greater amount of algebra. As for the limitation inherent in the analysis of a laterally
unbounded fluid layer, it may be mentioned that, as shown in Ref. 4, the results for bounded fluid
layers are similar in many respects to those for unbounded layers.
Over a large range of Taylor numbers, our approximate solution matches within a few percent
the numerical values provided by earlier investigators for the minimum, or critical, value Rac of the
Rayleigh number and the corresponding wave number kc. While less accurate than some available
numerical results, a major advantage of the solution developed here lies in its explicit form which
makes it relatively straightforward to generate complete curves Ra(k; Ta) of the Rayleigh number
vs. the wave number and to explore other effects not hitherto studied, such as a finite thermal
conductivity of the plates.
As in all the earlier work devoted to the linear stability problem, we study the normal modes
of the system at conditions of marginal stability. Our approach is based on the use of a Fourier
series expansion which, unlike other investigations (e.g., Refs. 12 and 13), is never differentiated.
This feature provides for a much faster convergence and, in fact, our results are obtained by simply
truncating the series to its first term.
To be sure, most of the interest in the Rayleigh-Be´nard problem centers on nonlinear effects (see,
e.g., the reviews provided in Refs. 14–16) rather than the linear problem studied here. Nevertheless,
the availability of an explicit approximate solution may be used to develop analytically tractable
weakly nonlinear theories as well as to study aspects of the instability that have not been investigated
before.
Algebraic details of the derivation are briefly covered in Appendix A and, more extensively, in
the supplementary material.17 Appendix B summarizes the conventional approach to the problem
and extends it to modes with an odd parity about the center plane of the cell.
II. MATHEMATICAL FORMULATION
We consider a Boussinesq fluid contained between two infinitely extended plates normal to the
direction of gravity separated by a distance H. In undisturbed conditions the fluid and the plates are
in solid body rotation with an angular velocity  around an axis parallel to gravity and perpendicular
the plates. Since the mathematical framework of the linear problem is well known, we can omit
details and start from the set of dimensionless equations derived by Chandrasekhar,2 namely
(∂2z − k2)T ′ = −Pr u′z, (1)
(∂2z − k2)ω′z = −
√
T a∂zu′z, (2)
(∂2z − k2)2u′z −
Ra
Pr
k2T ′ −
√
T a ∂zω′z = 0. (3)
Here the dimensionless perturbation temperature, vertical vorticity and velocity have been written,
respectively, as
T ′(z) fk(x, y), ω′z(z) fk(x, y), u′z(z) fk(x, y) (4)
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with ∇2fk =− k2fk and k a dimensionless wave number. The symbol ∂z denotes differentiation in
the vertical direction z. Equation (1) is the energy equation, (2) is the vertical vorticity equation, and
(3) is obtained by taking the double curl of the momentum equation in the z-direction.
The Rayleigh Ra, Prandtl Pr, and Taylor Ta numbers have their usual definitions:
Ra = βgH
3(TH − TC )
νD
, Pr = ν
D
, T a = 4
2 H 4
ν2
(5)
with β the coefficient of thermal expansion, g the acceleration of gravity, H the plate separation,
TH − TC the difference between the undisturbed temperatures of the lower, warmer plate and that
of the upper, colder plate, ν the kinematic viscosity, D the thermal diffusivity, and  the angular
velocity of rotation. The equations have been non-dimensionalized in terms of H for length, H2/ν for
time, and TH − TC for temperature. Time derivatives have been omitted in keeping with our focus
on the marginal stability conditions for conditions in which the principle of exchange of stabilities
holds.2
We take z = 0 on the midplane between the two plates so that the fluid layer extends in
the region − 12 < z < 12 . For simplicity the thickness of the both plates is assumed to be infinite,
extending between ± 12 and ±∞. Since the range of (dimensionless) wave numbers of interest in
practice is of order unity, one may expect that plates with a thickness comparable to, or greater
than, the liquid layer would essentially behave as semi-infinite. This has indeed been proven in the
non-rotating case.18
In order to account for the finite thermal conductivity of the upper plate, which occupies the
region z ≥ 12 , we write the (dimensional) temperature distribution Tu within it as
Tu − TC
TH − TC = −κu
(
z − 1
2
)
+ T ′u(z) fk(x, y), (6)
in which κu = K/Ku is the ratio of the thermal conductivities of the fluid, K, and of the upper plate,
Ku, and T ′u is the dimensionless temperature perturbation in the plate. As written, the first term in the
right-hand side ensures the continuity of temperature and heat flux at the plate surface in undisturbed
conditions. We use a similar representation for the lower plate temperature distribution in the region
z ≤ − 12 ,
Tl − TH
TH − TC = −κl
(
z + 1
2
)
+ T ′l (z) fk(x, y) (7)
with κ l = Kl/K. The temperature perturbations in the plates satisfy an energy equation which, for
marginal conditions, reduces to the form(
∂2z − k2
)
T ′l,u = 0. (8)
Thus,
T ′l = T ′(z = −1/2) ek(z+1/2), T ′u = T ′(z = 1/2) e−k(z−1/2), (9)
in which T ′(z = ±1/2) denote the temperature perturbations at the hot and cold plates, common to
fluid and plates by continuity of the temperature. With these solutions, the requirement of continuity
of the heat fluxes at the plate surfaces can be expressed solely in terms of the temperature perturbation
T ′ in the fluid and is given by19[
kκl T ′ − ∂zT ′
]
z=−1/2 = 0,
[
kκu T ′ + ∂zT ′
]
z=1/2 = 0. (10)
While in most of the analysis we give results for arbitrary κ l and κu, for simplicity numerical results
will only be presented for κ l = κu.
The other boundary conditions are the vanishing of u′z and ∂zu′z on the plates, the latter require-
ment a consequence of the equation of continuity coupled with the no-slip condition. Finally, and
again because of the no-slip condition, the vorticity ω′z must also vanish on the plates.
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III. SOLUTION
Upon applying the operator ∂2z − k2 to (3) and using (1) and (2) to eliminate T ′ and ω′z , we find
an equation that may be written as
(∂2z − k2)[(∂2z − k2)2 + T a]u′z = −(Ra + T a)k2u′z . (11)
The absence of the Prandtl number from this equation is a consequence of the present focus on
the non-oscillatory transition to instability. We now expand u′z into a complete set of orthogonal
functions as
u′z =
∞∑
n=1
[
Un sin 2nπ z + ˜Un cos(2n − 1)π z
]
. (12)
Here and in the following a tilde is consistently used to denote quantities pertaining to the modes
symmetric about the midplane z = 0. As will be seen later, for situations in which the modes have a
definite parity, the first mode of this family is the one which becomes unstable first.
The expansion (12) is substituted in the right-hand side of (11) and the equation is solved for
(∂2z − k2)2u′z + T a u′z to find
(∂2z − k2)2u′z + T a u′z = (Ra + T a)k2
∞∑
n=1
(
Un
	n
sin 2nπ z +
˜Un
˜	n
cos(2n − 1)π z
)
+ Wc Fc(z) + Ws Fs(z), (13)
in which Wc,s are integration constants and
	n = 4π2n2 + k2, ˜	n = (2n − 1)2π2 + k2. (14)
The solutions of the homogeneous equation (∂2z − k2)Fc,s = 0 have been denoted by
Fc(z) = cosh kz, Fs(z) = sinh kz. (15)
Earlier investigators who made use of a Fourier series representation of the velocity similar to (12)
substituted it into the field equations.12, 13 The necessary differentiations decrease or may even impair
the convergence properties of the series. Our approach is instead to integrate the Fourier series, as
in the step from (11) to (13), which greatly benefits the rate of convergence, so much so, in fact, that
truncation to just the first term produces reasonably accurate results as will be shown later.
The term T a u′z in the left-hand side of (13) may be taken to the other side and incorporated
into the summation after using (12) to express u′z . The resulting equation for u′z can then be solved
with the result
u′z =
∞∑
n=1
[( (Ra + T a)k2
	n
− T a
)
Un
sin 2nπ z
	2n
+
( (Ra + T a)k2
˜	n
− T a
)
˜Un
cos(2n − 1)π z
˜	2n
]
+Wc Hc + Ws Hs + VcGc + Vs Gs + Uc Fc + Us Fs, (16)
in which Vc,s and Uc, s are additional integration constants, and Gc, s and Hc, s, explicitly given in
(A1) and (A2), solve the equations (∂2z − k2)Gc,s = Fc,s and (∂2z − k2)Hc,s = Gc,s .
By imposing that u′z = 0 and ∂zu′z = 0 at z = ± 12 we can express Vc,s and Uc, s in terms of Wc,s ;
the results are shown in (A3)–(A6) in Appendix A. The remaining integration constants Wc,s are
determined by imposing that (3) be satisfied at the plate surfaces as shown later.
We can now take the scalar product of (16) by sin 2nπz to find[
1 − 1
	2n
( (Ra + T a)k2
	n
− T a
)]
Un =
[
I Hn + I Gn
Vs
Ws
+ I Fn
Us
Ws
]
Ws, (17)
while the scalar product with cos (2n − 1)πz gives[
1 − 1
˜	2n
( (Ra + T a)k2
˜	n
− T a
)]
˜Un =
[
˜I Hn + ˜I Gn
Vc
Wc
+ ˜I Fn
Uc
Wc
]
Wc, (18)
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in which
I Fn = 2
∫ 1/2
−1/2
sin 2nπ z Fs(z) dz, ˜I Fn = 2
∫ 1/2
−1/2
cos(2n − 1)π z Fc(z) dz, (19)
I G,Hn and ˜I G,Hn are given by similar expressions with Fc, s replaced by Gc, s and Hc, s. When Wc,s
are expressed in terms of the Un and ˜Un , (17) and (18) constitute a linear homogeneous system the
solvability condition of which determines the relation between Ra, Ta and k which expresses the
marginal stability condition.
The necessary steps are straightforward but tedious and are summarized in Appendix A. A more
detailed electronic document is also available.17 Here we simply show the results which may be
written as
[
1 − 1
	2n
( (Ra + T a)k2
	n
− T a
)]
Un = T a
∞∑
m=1
Bnm(k)Um − Ra
∞∑
m=1
Anm(k, κ)Um (20)
and
[
1 − 1
˜	2n
( (Ra + T a)k2
˜	n
− T a
)]
˜Un = T a
∞∑
m=1
˜Bnm(k) ˜Um − Ra
∞∑
m=1
˜Anm(k, κ) ˜Um, (21)
in which Anm(k, κ), Bnm(k), etc., are given in (A18)–(A23) of Appendix A. For fixed m and n  k
all of these coefficients decay proportionally n−3 suggesting a fast convergence of the series.
It may be noted that the coefficients Un of the odd modes are not coupled to the coefficients ˜Un of
the even modes because we have assumed for simplicity—and will continue to assume henceforth—
that the thermal conductivities of the plates are equal so that κ l = κu = κ . For Ta = 0, (20) and (21)
coincide with the results of Ref. 11 which were derived in a slightly different way.
IV. ONE-TERM TRUNCATION
Upon retaining only the terms with n = m = 1 in (20) and (21) we are left with
[
1 +
(
A11 − k
2
	31
)
Ra +
(
4π2
	31
− B11
)
T a
]
U1 = 0 (22)
and [
1 +
(
˜A11 − k
2
˜	31
)
Ra +
(
π2
˜	31
− ˜B11
)
T a
]
˜U1 = 0. (23)
The vanishing of the quantities in brackets gives the desired approximations to the marginal stability
relations,
(
k2
	31
− A11
)
Ra = 1 +
(
4π2
	31
− B11
)
T a (24)
and (
k2
˜	31
− ˜A11
)
Ra = 1 +
(
π2
˜	31
− ˜B11
)
T a. (25)
Just as in the non-rotating case, it is found that the stability threshold (25) for the even modes is
lower than the threshold (24) for the odd modes.
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FIG. 1. The Rayleigh number for the neutral stability of the even modes with no-slip plates at fixed temperatures (i.e.,
κ → ∞) as given by the present solution truncated to the first term of the Fourier expansion. In ascending order Ta = 102,
103, 104, 105, and 106. The circles mark the position of the minimum according to the numerical evaluation of the exact
expression (B7).
V. EVEN MODES
The only case that appears to have been studied before is for constant plate surface temper-
ature, which is contained in our results by taking the limit κ → ∞. In this case the expressions
(A22) and (A23) of Appendix A for the coefficients ˜A11 and ˜B11 simplify to
˜A11 = 8π
2k3(cosh k + 1)
(k2 + π2)5(k + sinh k) , (26)
TABLE I. The smallest Rayleigh number and corresponding dimensionless wave number for the marginal stability threshold
of the even modes as functions of the Taylor number, shown in the first column. The no-slip condition is applied at the
plates, which are assumed to be infinitely conducting so that κ → ∞ and their temperatures is fixed. The second and third
columns show the results of the present numerical evaluation of the exact expression (B7), which are also marked by circles in
Figure 1. The fourth and fifth columns reproduce the results of Ref. 2 obtained from a second-order variational approximation.
The sixth and seventh columns are from the present Fourier series solution truncated to one term, Eq. (25), and the eighth
and ninth from a truncation to two terms. In the latter case, the present method also gives a result for the next mode which is
shown in the last two columns.
Approximate, Approximate,
Numerical (B7) Ref. 2 1 term 2 terms
Ta kc Rac kc Rac kc Rac kc Rac kc Rac
10 3.11 1712.7 3.10 1713.0 3.12 1718.9 3.12 1712.7 7.59 76 860
100 3.13 1756.4 3.15 1756.6 3.15 1753.3 3.16 1754.0 7.60 76 970
500 3.32 1940.2 3.30 1940.5 3.27 1900.6 3.31 1933.0 7.64 77 470
1000 3.48 2151.4 3.50 2151.7 3.41 2074.7 3.48 2137.1 7.68 78 100
2000 3.74 2530.2 3.75 2530.5 3.64 2397.4 3.73 2502.3 7.77 79 320
5000 4.27 3468.5 4.25 3469.2 4.14 3239.8 4.23 3401.6 8.00 82 840
104 4.78 4712.1 4.80 4713.1 4.69 4420.6 4.73 4583.3 8.35 88 310
3 ×104 5.79 8324.6 5.80 8326.4 5.87 8078.3 5.69 7994.8 9.35 1.070 ×105
105 7.17 1.6720 ×104 7.20 1.6721 ×104 7.56 1.710 ×104 7.10 1.611 ×104 11.2 1.553 ×105
106 10.82 7.109 ×104 10.80 7.1132 ×104 11.9 7.857 ×104 11.4 7.393 ×104 17.1 4.702 ×105
108 24.64 1.525 ×106 24.5 1.5313 ×106 27.2 1.761 ×106 27.0 1.740 ×106 39.3 8.194 ×106
1010 58.50 3.480 ×107 55.5 3.4636 ×107 59.7 3.912 ×107 59.7 3.903 ×107 95.0 2.555 ×109
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˜B11 = π
3k
(k2 + π2)3
(
8π (cosh k + 1)
(π2 + k2)2(k + sinh k) +
k coth k2
sinh k − k −
k + sinh k
k(sinh k − k) +
4k
π2 + k2
)
. (27)
Curves showing Ra vs. k for several values of Ta as given by (25) are shown in Figure 1.
Table I compares the results for the minima of these curves with those found numerically from the
exact expression (B7) and those given in Chandrasekhar.2 The differences between the exact results
and those given by the one-term truncation are about 2% for Ta ≤ 105. The approximation accuracy
degrades considerably for larger Ta with a difference of 15% at Ta = 108, but the error decreases
as Ta increases further until, as shown below, it vanishes as Ta → ∞. The table also includes the
results of the present method when two terms, rather than one, are retained in (21). The results are
somewhat improved, but the correction is relatively small. In this latter case, the present method also
gives a result for the next mode which is shown in the last column.
For the case of free slip at the plates, Chandrasekhar2 established that, as Ta → ∞, the minimum
value Rac of Ra and the corresponding wave number kc are approximately given by
Rac 

(
27π4
4
)1/3
T a2/3, kc ∼
(
π2
2
)1/6
T a1/6. (28)
It was later shown3 that these results are also applicable to the no-slip case and it is therefore of
interest to compare them with the present ones. We find that, for large k, (23) reduces to
Ra 
 k4 + π
2
k2
T a. (29)
Upon setting the derivative of Ra as given by this relation to 0 we find the same results shown in
(28). This is not surprising because, as shown by Chandrasekhar,2 the results (28) are precisely the
consequence of approximating the velocity by its first term in the Fourier series expansion, which is
how the approximation (25) was derived. Graphs of Rac and kc vs. Ta as given by the present theory
truncated to the first term are provided in Figures 2 and 3, respectively. The dashed-dotted line in
the former figure is the exact result for free-slip plates of Ref. 6. It is seen that, while this curve
approaches the no-slip results for large Ta, its behavior for smaller Ta is quite different.
In the opposite limit of k small we have
˜A11 
 4k
2
π8
, ˜B11 
 2
π2
(
8
π2
− 1
3
)
, (30)
1 1e+02 1e+04 1e+06 1e+08
Ta
1e+02
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1e+05
1e+06
R
a  
c
FIG. 2. The critical Rayleigh number vs. the Taylor number for the neutral stability of the even modes with no-slip plates at
fixed temperatures (i.e., κ → ∞) as given by the present solution truncated to the first term of the Fourier expansion. The
dashed line is the large-Ta approximation (28) and the dashed-dotted line is the exact result for free-slip plates of Ref. 6.
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FIG. 3. The critical (dimensionless) wave number vs. the Taylor number for the neutral stability of the even modes with
no-slip plates at fixed temperatures (i.e., κ → ∞) as given by the present solution truncated to the first term of the Fourier
expansion. The dashed line is the large-Ta approximation (28).
so that
Ra 
 π
4 − (15 − 23π2)T a
π2 − 4
π2
k2
. (31)
The divergence proportionally to k−2 is the same as that encountered in the case with no rotation.2, 11
A. Variable plate temperature
As mentioned in the Introduction, it is a known fact that the instability ceases to have an
oscillatory character when the Prandtl number of the fluid exceeds about 0.68 and the thermal
conductivity of the plates is infinite. No such estimates are available for finite thermal conductivities
although, by continuity, one would expect the existence of an analogous Prandtl number threshold
in this case as well. In this part of our work we proceed heuristically assuming that such a Prandtl
number range exists and show some results for finite thermal conductivities.
When the plates have an equal finite thermal conductivity κ , the term
k
κ coth k2 + 1
(
k − sinh k
k + sinh k
coth k2
k2
− 1
k + sinh k +
4 coth k2
˜	n
)
π2
(π2 + k2)3 (32)
needs to be subtracted from the expression (26) of ˜A11 while the expression (27) of ˜B11 remains
unchanged. In view of the minus sign in front of ˜A11 in the marginal stability condition in (25), this
new term increases the left-hand side of (25) and, therefore, lowers the value of Ra for the same Ta
and k. Thus, as in the case without rotation,11, 18 a finite plate thermal conductivity destabilizes the
system. This feature is demonstrated in Figures 4 and 5 which show the marginal stability curves
for Ta = 103 and Ta = 106 and different values of the plate thermal conductivity κ . The merging of
the curves at large k for high conductivity lends some support to the expectation mentioned earlier
that, for sufficiently large Prandtl numbers, the onset of the instability is non-oscillatory also in the
case of finite κ .
A new feature that is introduced by a finite plate thermal conductivity, and which is also
encountered in the case without rotation, is a modification of the functional dependence of Ra on
the wave number k for small k. Now the leading-order behavior of ˜A11 for k → 0 is
˜A11 
 2
π4
(
4
π2
− 1
3
)
k
2κ + k . (33)
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FIG. 4. The Rayleigh number for the neutral stability of the even modes for Ta = 103 and different plate thermal conductivities;
in ascending order κ = 0 (i.e., thermally insulating plates), 0.1, 1, 2, and 10. The topmost dashed line is for κ → ∞, namely,
for fixed plate temperature and is the same line shown in Figure 1. The fluid velocity vanishes at the plates.
For perfectly insulating plates (κ = 0) and small k, the critical Rayleigh number tends to the constant
Ra 
 3π
6 + (5π2 − 48)T a
2(12 − π2) , (34)
as evident in Figures 4 and 5. On the other hand, if κ = 0, to leading order Ra diverges as k−1 for
k → 0,
Ra 
 3π
6 + (5π2 − 48)T a
12 − π2
κ
k
. (35)
In the opposite limit of large k all the curves merge together and the finite thermal conductivity of
the plates quickly becomes immaterial.
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FIG. 5. The Rayleigh number for the neutral stability of the even modes for Ta = 106 and different plate thermal conductivities;
in ascending order κ = 0 (i.e., thermally insulating plates), 0.1, 1, 2, and 10. The topmost dashed line is for κ → ∞, namely,
for fixed plate temperature and is the same line shown in Figure 1. The fluid velocity vanishes at the plates.
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FIG. 6. The Rayleigh number for the neutral stability of the odd modes as given by the present solution truncated to the first
term of the Fourier expansion. The no-slip condition is applied at the plates, which are assumed to be infinitely conducting
so that κ → ∞ and their temperatures is fixed. In ascending order Ta = 102, 103, 104, 105, and 106.
VI. ODD MODES
Marginal stability curves for the odd modes as given by the present theory (24) for fixed plate
temperatures and a one-term truncation are shown in Figure 6 for several values of the Taylor number.
In this case there do not seem to be exact results available.
Numerical results for the minima of these curves are given in Table II for a one-term truncation
(second column) and a two-term truncation. For this latter case the present method also gives the
next mode, the results for which are shown in the last pair of columns.
TABLE II. The smallest Rayleigh number and corresponding dimensionless wave number for the marginal stability threshold
of the odd modes as functions of the Taylor number, shown in the first column, according to the present approximate solution.
The no-slip condition is applied at the plates, which are assumed to be infinitely conducting so that κ → ∞ and their
temperatures are fixed. The second and third columns are for the lowest odd mode and a one-term truncation of the Fourier
series, Eq. (24). The third and fourth columns are also for the lowest odd mode but with a two-term truncation. In this latter
case, the present method also gives a result for the next mode which is shown in the last two columns.
Present, 1 term Present, 2 terms
Ta kc Rac kc Rac kc Rac
10 5.366 17 813.41 5.366 17 632.86 9.825 223 652.88
100 5.386 17 904.60 5.388 17 732.46 9.829 223 779.10
500 5.472 18 301.89 5.480 18 165.35 9.847 224 338.87
1000 5.570 18 781.88 5.586 18 686.23 9.870 225 035.84
2000 5.747 19 694.76 5.776 19 671.18 9.914 226 420.79
5000 6.174 22 157.30 6.225 22 297.56 10.042 230 506.81
104 6.692 25 684.04 6.759 25 999.81 10.244 237 105.47
2 ×104 7.402 31 580.90 7.474 32 080.44 10.607 249 620.90
5 ×104 8.644 45 312.68 8.686 45 915.10 11.481 283 156.55
105 9.810 62 980.00 9.791 63 370.78 12.534 330 672.04
106 15.102 23 3471.61 14.869 229 678.175 18.638 815 617.161
108 34.357 4 612 176.25 34.202 4 578 836.23 43.059 12 438 660.5
1010 75.405 99 724 723.7 75.345 99 574 812.8 94.987 255 543 249.
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FIG. 7. The Rayleigh number for the neutral stability of the odd modes for Ta = 103 and different plate thermal conductivities;
in ascending order κ = 0 (i.e., thermally insulated plates), 0.1, 1, 2, and 10. The topmost dashed line is for κ → ∞, namely,
for fixed plate temperature and is the same line shown in Figure 6. The fluid velocity vanishes at the plates.
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FIG. 8. The Rayleigh number for the neutral stability of the odd modes for Ta = 106 and different plate thermal conductivities;
in ascending order κ = 0 (i.e., thermally insulated plates), 1, 2, and 10. The topmost dashed line is for κ → ∞, namely, for
fixed plate temperature and is the same line shown in Figure 6. The fluid velocity vanishes at the plates.
The effect of a finite plate thermal conductivity is shown in Figures 7 and 8. If κ = 0 the
threshold value of the Rayleigh number becomes infinite for both small and large k. As before, the
curves merge as k increases irrespective of the value of the thermal conductivity.
VII. CONCLUSIONS
By solving the Rayleigh-Be´nard linear marginal stability problem by a strategy somewhat
different from the standard one, we have found relatively simple explicit analytical approximations
for the dependence of the Rayleigh number on the Taylor number Ta and the wave number k. Where
the results can be compared with more precise ones, it is found that the error is of the order of a few
percent over most of the range of Ta and k.
The results confirm much that is already known: the most unstable modes are even with respect
to the midplane between the two plates, and the critical value of the Rayleigh number has a minimum
Rac in correspondence with a wave number kc which increases as the Taylor number increases. A
new result concerns the effects of a finite thermal conductivity of the solid boundaries, which is
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found to be destabilizing as in the case without rotation. Furthermore, the relative simplicity of the
approximate result has allowed us to calculate the dependence of Ra on k and Ta in a straightforward
way.
While the present results refer to the linear threshold problem and are only approximate, their
good accuracy makes them useful to gain a quick understanding of the system behavior. Furthermore,
it appears that the same method might be useful to explore other aspects of the problem: finite plate
thickness, convection in a porous medium, overstability and perhaps time-dependent processes.
APPENDIX A: ALGEBRAIC DETAILS
We give here some additional details on the calculations summarized in Sec. III. A detailed
derivation is provided in the supplementary material.17
We start by showing the explicit expressions of the functions Gc, s and Hc, s introduced in (16):
Gc = z2k sinh kz, Gs =
z
2k
cosh kz, (A1)
Hc = z8k2
(
− sinh kz
k
+ z cosh kz
)
, Hs = z8k2
(
−cosh kz
k
+ z sinh kz
)
. (A2)
These are, respectively, particular solutions of (∂2z − k2)Gc,s = Fc,s and (∂2z − k2)2 Hc,s = Fc,s with
Fc, s given in (15).
Upon imposing that u′z and ∂zu′z as given by (16) and its derivative vanish on the plates z = ± 12
we can express the integration constants Uc, s and Vc,s in terms of Wc,s . The results are
Uc = −
sinh k2
k + sinh k
∞∑
m=1
(−1)m+1(2m − 1)π
˜	2m
( (Ra + T a)k2
˜	m
− T a
)
˜Um + sinh k − k
sinh k + k
Wc
32k2
,
(A3)
Vc =
4k cosh k2
sinh k + k
∞∑
m=1
(−1)m+1(2m − 1)π
˜	2m
( (Ra + T a)k2
˜	m
− T a
)
˜Um + sinh k − k cosh k
sinh k + k
Wc
4k2
,
(A4)
and
Us = −
cosh k2
sinh k − k
∞∑
m=1
2(−1)m+1mπ
	2m
( (Ra + T a)k2
	m
− T a
)
Um + sinh k + k
sinh k − k
Ws
32k2
, (A5)
Vs =
4k sinh k2
sinh k − k
∞∑
m=1
2(−1)m+1mπ
	2m
( (Ra + T a)k2
	m
− T a
)
Um + sinh k − k cosh k
sinh k − k
Ws
4k2
(A6)
with 	m and ˜	m defined in (14).
It remains to calculate the constants Wc,s . To this end we impose that the momentum equation
in the form (3) be satisfied at the plate surfaces. For this purpose it is necessary to solve (1) and (2) to
express the temperature and vorticity perturbations in terms of u′z . This task is readily accomplished
in terms of a suitable Green’s function (or by the method of variation of parameters) and, after
imposing the vanishing of ω′z at the plate surfaces and the boundary conditions (10) on T ′, we find
ω′z = −
√
T a
∫ z
−1/2
u′z(ζ ) cosh k(z − ζ ) dζ +
√
T a
sinh k(z + 12 )
sinh k
IC (A7)
and
T ′ = − Pr
k
∫ z
−1/2
u′z(ζ ) sinh k(z − ζ ) dζ + c Fc + s Fs (A8)
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with
k [(κl + κu) cosh k + (1 + κlκu) sinh k] c = Pr
(
κl sinh
k
2
+ cosh k
2
)
[κu IS + IC ] , (A9)
k [(κl + κu) cosh k + (1 + κlκu) sinh k] s = Pr
(
κl cosh
k
2
+ sinh k
2
)
[κu IS + IC ] , (A10)
in which
IS =
∫ 1/2
−1/2
u′z(ζ ) sinh k(
1
2
− ζ ) dζ, IC =
∫ 1/2
−1/2
u′z(ζ ) cosh k(ζ −
1
2
) dζ. (A11)
It may be noted that, in the steps that follow, the Prandtl number in (A9) and (A10) combines with
the Grashof number to give the Rayleigh number, Ra = Gr Pr. Thus, when the instability onset is
non-oscillatory as assumed here, the marginal stability condition ends up depending only on Ra
rather than on both Ra and Pr.
The expressions (A9) and (A10) for c, s, which are a consequence of the boundary conditions
(10), simplify when the plate thermal conductivities are equal, κ l = κu = κ ,
k
(
κ cosh
k
2
+ sinh k
2
)
c = Pr [κ IS + IC ] , (A12)
k
(
κ sinh
k
2
+ cosh k
2
)
s = Pr [κ IS + IC ] . (A13)
This is the case that we have considered in the paper and that we consider henceforth. The significant
simplification stems from the fact that, with equal plate thermal conductivity, the modes maintain a
definite parity, which is lost if κ l = κu as shown for the non-rotating case, e.g., in Ref. 11.
Upon substituting (A8) and the derivative of (A7) into the momentum equation (3) and evaluating
at z = ± 12 we determine Wc,s ,
Wc = k
[
T a
sinh k
+ Ra
κ(cosh k + 1) + sinh k
]
JC , (A14)
Ws = k
[
T a
sinh k
+ Ra
κ(cosh k − 1) + sinh k
]
JS, (A15)
in which
JC =
∫ 1/2
−1/2
u′z cosh kz dz = −2π cosh
k
2
∞∑
m=1
(2m − 1)(−1)m
˜	m
˜Um, (A16)
JS =
∫ 1/2
−1/2
u′z sinh kz dz = −2π sinh
k
2
∞∑
m=1
2mπ (−1)m
	m
Um . (A17)
Upon substitution of the expression for Ws in the right-hand side of (17) we form the right-hand
side of (20) in which
Anm = 2(−1)
m+1mπ
	m
(
k2αn
	2m
− kβn
κ tanh k2 + 1
)
, (A18)
Bnm = 2(−1)
m+1mπ
	m
( (2πm)2αn
	2m
+ kβn
)
(A19)
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with
αn = 16(−1)
n+1πnk(cosh k − 1)
	2n(sinh k − k)
, (A20)
βn = 2(−1)
n+1πn
	2n
[
1
sinh k − k −
k + sinh k
sinh k − k
tanh k2
k2
+ 4 tanh
k
2
	n
]
. (A21)
Similarly, upon substitution of the expression for Wc in the right-hand side of (18), we form the
right-hand side of (21) in which
˜Anm = (−1)
m+1(2m − 1)π
˜	m
(
k2α˜n
˜	2m
− k
˜βn
κ coth k2 + 1
)
, (A22)
˜Bnm = (−1)
m+1(2m − 1)π
˜	m
( (2m − 1)2π2α˜n
˜	2m
+ k ˜βn
)
(A23)
with
α˜n = 8(−1)
n+1(2n − 1)πk(cosh k + 1)
˜	2n(k + sinh k)
, (A24)
˜βn = (−1)
n+1(2n − 1)π
˜	2n
(
k − sinh k
k + sinh k
coth k2
k2
− 1
k + sinh k +
4 coth k2
˜	n
)
. (A25)
APPENDIX B: DIRECT EXACT SOLUTION
We develop here the equation for marginal stability according to the standard procedure,2, 3 as
the result given in the latter reference contains some misprints. This approach is more direct that the
one followed before, but it leads to a much more involved expression which is not easily evaluated.
We only consider the case with fixed plate temperatures for simplicity but, unlike Ref. 3, we also
give the result for modes with an odd parity.
After elimination of the temperature and vorticity perturbations the momentum equation (3)
becomes
(∂2z − k2)3u′z + Rak2u′z + T a∂2z u′z = 0. (B1)
Upon looking for solutions in the form of superpositions of terms proportional to eiλz we find the
characteristic equation which is conveniently written as
(λ2 + k2)3 + T a(λ2 + k2) − k2(Ra + T a) = 0. (B2)
It is easily seen that this cubic equation in λ2 has one real non-negative solution λ21 and two complex
conjugate solutions λ22,3.
The lowest mode is even and, therefore, we write
u′z =
3∑
j=1
˜A j cos λ j z. (B3)
The vanishing of u′z and ∂zu′z at z = ± 12 give
3∑
j=1
˜A j cos
λ j
2
= 0,
3∑
j=1
˜A jλ j sin
λ j
2
= 0. (B4)
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The vorticity is readily find by integrating (2) and imposing vanishing boundary conditions at
z = ± 12 ,
ω′z = −
√
T a
3∑
j=1
λ j
λ2j + k2
˜A j sin λ j z +
√
T a
sinh kz
sinh k2
3∑
j=1
λ j
λ2j + k2
˜A j sin
λ j
2
. (B5)
Upon demanding that the momentum equation in the form (3) be satisfied at z = ± 12 , with the aid
of (B2), we are led to
k T a coth
k
2
3∑
j=1
[
k (Ra/T a) tanh k2 − λ j tan
λ j
2
λ2j + k2
]
˜A j cos
λ j
2
= 0. (B6)
The requirement that the determinant of the algebraic system (B4) and (B6) vanish leads us to
Im
{ (γ1 − γ )γ2
λ21 + k2
− (γ2 − γ )(γ1 − γ 2)
λ22 + k2
}
= 0, (B7)
where the overline denotes the complex conjugate and we have adopted the notation of Ref. 3:
γ j = λ j tan λ j2 , γ =
Ra
T a
k tanh
k
2
. (B8)
Equation (B7) establishes a connection among k, Ta, and Ra at marginal stability conditions.
For a given value of Ta, the curve expressing Ra as a function of k has a minimum Ra = Rac for k
= kc. The numerical values shown in Table I have been found iteratively by following the gradient
of the function in the left-hand side of (B7) with respect to the variables k and Ra. The derivatives
have been computed numerically and under-relaxation was applied with respect to k.
For the odd modes we proceed similarly starting from
u′z =
3∑
j=1
A j sin λ j z, (B9)
and, in place of (B4), find
3∑
j=1
A j sin
λ j
2
= 0,
3∑
j=1
A jλ j cos
λ j
2
= 0. (B10)
The vorticity is now given by
ω′z =
√
T a
3∑
k=1
λk
λ2k + k2
Ak cos λk z −
√
T a
cosh kz
cosh k2
3∑
k=1
λk
λ2k + k2
Ak cos
1
2
λk (B11)
and the analog of (B6) follows as before in the form to
k T a tanh
k
2
3∑
k=1
[
k (Ra/T a) coth k2 − λk cot 12λk
λ2k + k2
]
Ak sin
1
2
λk = 0. (B12)
If we now set
γk = λk cot 12λk, γ =
Ra
T a
k coth
k
2
, (B13)
the marginal stability condition retains the form (B7) of the previous case.
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